Abstract: We present the 'Heisenberg picture' of the reflection algebra by explicitly constructing the boundary Yangian symmetry of an AdS/CFT superstring which ends on a boundary with non-trivial degrees of freedom and which preserves the full bulk Lie symmetry algebra. We also consider the spectrum of bulk and boundary states and some automorphisms of the underlying algebras.
it clear that the D5-brane has a similar structure, based on achiral boundary conditions [14] [15] [16] . These two cases correspond respectively to class A and B symmetric spaces [17] .
In this paper we explore boundaries with non-trivial degrees of freedom and which preserve all of the bulk symmetry algebra, the two best-known examples being the Z = 0 'giant graviton' D3-brane [8] and the right factor of the Z = 0 D7-brane [9, 10] . Here there is no natural symmetric-space structure, and the problem is rather to take the laboriouslycomputed reflection K-matrices of [10] and find the correct mathematical context for them. This turns out to employ deformations of the bulk Yangian charges only at even levels, and (what we shall call) the 'Heisenberg picture' of the symmetry algebra, which incorporates a reflection operator into the Hopf algebra structure. We explicitly construct this algebra and its evaluation representation.
Organization of the paper. In section 2 we explain the general algebraic structures presented in this paper: we give a formal definition of our 'Heisenberg picture' of the reflection algebra, review the Yangian symmetry and its evaluation representation, and present the level-2 twisted charges that are crucial in building the Yangian of a boundary which preserves all of the bulk Lie algebra. In section 3 we specialize to AdS/CFT, reviewing the Hopf algebra structure of the bulk Yangian symmetry [18] , and then constructing the reflection Hopf algebra structure of the boundary Yangian symmetry. In section 4 we consider the representations and automorphisms of the bulk and boundary symmetry of the AdS/CFT superstrings. We generalize some properties of the spectrum of states and write down explicit forms for the bulk and boundary singlet states composed of single magnons and two-magnon bound-states. We finish by constructing the evaluation representation of the boundary Yangian.
The underlying algebras
We begin with a general description of the scattering and reflection algebras and the corresponding Yangian structures in which they are embedded.
The Schrödinger and Heisenberg pictures
There are two ways of describing bulk and boundary scattering matrices and the associated symmetries, in which the emphasis is respectively on the algebra and operations within it, and on the modules which form particle multiplets. With a slight abuse of terminology we shall call these the 'Heisenberg picture' and the 'Schrödinger picture' respectively. In this paper we want to present the Heisenberg picture of the reflection algebra. We start by reviewing the scattering algebra of the integrable field theory and then proceed to the reflection algebra.
The physical bulk S-matrix is an operator acting on the tensor product of algebra modules in the bulk S :
where algebra modules V i are linear vector spaces and u i are associated continuous spectral parameters. Modules V i usually carry some discrete indices not shown here. This is the Schrödinger picture of the scattering, where the states are evolving, while the representation of the symmetry algebra is fixed. In this picture the invariance condition under the symmetry algebra is [∆(J), S] = 0, (2.2) where the co-product of any Lie symmetry generator J is taken to be trivial
Let us switch to the Heisenberg picture of the scattering, which is described by the S-matrix 4) equivalent to an (unbraided) R-matrix 1 . In this picture the physical states are fixed, but the operators are altered in the scattering process, and the invariance condition for the S-matrix reads as ∆ op (J) S − S ∆(J) = 0, (2.5) where ∆ op = P ∆P and P is the graded permutation operator in V i ⊗ V j , i.e.
P (x ⊗ y) = (−1) |x||y| y ⊗ x, P 2 = I, (2.6)
for any x, y ∈ V . At the algebra level the opposite co-product is defined as ∆ op = σ • ∆, where σ is the two-site flip operator of the algebra.
The physical boundary scattering K-matrix, in the general case, is an intertwining operator which acts on the tensor product of bulk V (u) and boundary V B (w) modules (2.7) and the condition for invariance under the symmetry algebra is [∆(J), K] = 0, (2.8) where ∆(J) is a trivial co-product acting on bulk and boundary modules. This is the Schrödinger picture of the reflection algebra. Here we have defined the boundary module V B (w) to be carrying some boundary spectral parameter w. Usually, when the boundary is represented as an infinitely heavy state, it is only allowed (at most) to have some discrete indices, but no continuous parameter, owing to relativistic invariance. This type of realization in the case of a 1+1-dimensional integrable field theory with boundary was presented 1 The standard notation in the mathematical literature is to use a 'check' to denote the Schrödinger in [19] . Here, however, and probably owing to the non-relativistic nature of the model, in order to construct the boundary Yangian we must allow the boundary module to carry a continuous parameter.
e want to describe the Heisenberg picture of the reflection algebra. To do so we define a K-matrix for reflection from the right boundary to be a flavor-intertwining operator of the bulk and boundary modules,
with K = P · K where P is a parity operator acting on the bulk module as 10) while leaving the boundary module invariant
Then the requirement of invariance under the reflection algebra becomes
where we have defined the reflected co-product ∆ ref = P∆P. It is easy to move between (2.8) and (2.12)
with the help of the parity operator. Since P affects the left, bulk module only, on the Hopf algebra level the reflected co-product may be realized as
14)
where we have defined J := κ(J) (2.15) (with the slight abuse of notation that in the co-product κ ≡ κ ⊗ 1). Thus κ is the automorphism of the symmetry algebra, corresponding to the effect of boundary scattering on the symmetry operators in the Heisenberg picture. It is analogous to the flip operator σ for scattering in the bulk.
Any non-trivial braiding factors will be affected by the reflection map κ. For example a braided co-product 16) where U is some braiding factor, would have a reflected partner of the form
It is easy to see that the relation between Schrödinger and Heisenberg pictures of the reflection algebra is given by 18) and is of the same form as for the scattering algebra,
The reflection from a left boundary is treated very similarly. The flavor-intertwining K-matrix for reflection from the left boundary is 20) and satisfies P K = P KP (where P has the same effect on bulk and boundary modules, but now in exchanged order). The requirement of invariance under the reflection algebra becomes
where we have defined the opposite reflected co-product as
It is related to the reflected co-product by ∆ op.ref = P ∆ ref P , where the permutation operator acts on the tensor product of bulk and boundary modules as
The explicit realization of the reflection automorphism κ depends on the corresponding field theory. We shall explicitly construct the automorphism κ for the AdS/CFT superstring in section 4.3.
The co-product of the generators takes the form
Finite-dimensional representations of Y(g) are realized in one-parameter families, due to the 'evaluation automorphism' 28) corresponding to a shift in the polynomial variable. On (the limited set of) finite-dimensional irreducible representations of g which may be extended to representations of Y(g), these families are explicitly realized via the 'evaluation map'
which yields 'evaluation modules', with states |v carrying a spectral parameter v.
We shall build finite-dimensional representations of Y(g) by considering the tensor product of the two g-modules on which the bulk S-matrix acts. The action of Yangian generators on states in the g-module V (v) is defined via an 'evaluation map' ansatz 30) with γ being a C-number to be determined from the field theory and v 0 being some representation parameter. The reflection automorphism κ composed with the evaluation map ansatz gives
The level-2 Y(g) charges may be defined by commuting the level-1 charges as 32) when the eigenvalue c g of the quadratic Casimir operator in the adjoint representation 33) where the non-zero extra term X AB is constrained by the Serre relations (2.26) to satisfy f
where Y ABC is (2.26) (and thus a fixed cubic combination of level-0 charges) [20] , and by (2.32) to satisfy f A BC X BC = 0. The evaluation map ansatz (2.30) for the level-2 charges is then
Now let us consider a boundary module V B which in the general case respects a subalgebra h ⊂ g of the symmetry algebra g of the bulk module V . Then integrability requires that h be the subalgebra invariant under an involutive automorphism σ of g, so that the splitting g = h ⊕ m, into subspaces of σ eigenvalue ±1, forms a symmetric pair
Then the twisted Yangian Y(g, h) is a subalgebra of Y(g) generated by the level-0 charges J I and twisted level-1 charges 36) where I(, J, K, ...) run over the h-indices and P, Q(, R, ...) over the m-indices. The coproducts of the charges J I and J P are 37) and satisfy the co-ideal property
The charges are required to be invariant under the extensionσ of σ to the Yangian algebra, acting asσ(J I n ) = (−1) n J I n andσ(J P n ) = (−1) n+1 J P n , where n is the level of the charge and σ(α) = −α, so that J P is invariant underσ. Thus the twisted Yangian Y(g, h) is the co-ideal subalgebra of Y(g) invariant underσ [21] , as shown in figure 1.
Level-2 Y(g, h) charges may be generated by the twisted level-1 charges as for (2.32) by
where J P,Q are defined by (2.36) . It is easy to see that these level-2 charges satisfy the co-ideal property and are invariant under the involutionσ. We then have
however finding the deformation J I − J I (analogous to that in (2.36)) explicitly would be a rather cumbersome calculation. Now let us turn to the case h = g. There is then no symmetric-pair structure, and no level-1 charges are conserved by the boundary. There are, however, level-2 conserved charges, and (by extension) we write the subalgebra of charges conserved by the boundary as Y(g, g), defined to be theσ-invariant co-ideal subalgebra of Y(g) generated by the level-0 charges J A and twisted level-2 charges J A , where these latter are explicitly constructed to be invariant under the extended involutionσ and to satisfy the co-ideal property
Thus, in the case when c g = 0, we define J A to be
where the last two terms ensure the co-ideal property
-i.e. that no level-1 charges J A act on the boundary -and the order O(α 2 ) terms are cubic in the level-0 generators and thus automatically satisfy the coideal property.
In the case when c g = 0 (and g AD is degenerate), as applies in AdS/CFT, (2.32) and (2.42) cannot be used directly to construct level-2 charges. One (complex) way out of this situation is to use Drinfeld's second realization [22] , as was done in [23] . Alternatively one may work directly from (2.33), writing it as
and choosing X AB so that this expression is non-trivial and satisfies the Serre relations. This approach for constructing level-2 charges for the superalgebra d(1, 2; ǫ) (and its limiting case psu(2|2) ⋉ R 3 ) was considered in [24] .
However, the easiest way to construct twisted level-2 charges in this particular case is by observing that the term in the round brackets in the first line of (2.42) enjoysσ-invariance and the co-ideal property in its own right. Thus (setting α set to unity) we define the twisted level-2 charges to be
These charges will turn out to govern the 'Z = 0' AdS/CFT boundaries, as we will show in the next section.
The symmetry of the AdS/CFT superstring
The symmetry of the excitations of the light cone string theory on AdS 5 × S 5 and for the single-trace local operators in N = 4 supersymmetric Yang-Mills gauge theory is given by two copies of the centrally-extended Lie superalgebra [25] 
The symmetry algebra
Symmetry algebra g has two sets of bosonic su(2) rotation generators R b a , L β α , two sets of fermionic supersymmetry generators Q a α , G α a and three central charges H, C and C † . The non-trivial commutation relations are
where a, b, ... = 1, 2 and α, β, ... = 3, 4, and the symbols J a , J α with lower (or upper) indices represent any generators with the corresponding index.
The psu(2|2) algebra has no matrix representation, but the centrally extended algebra does and the representations may traced back from the superalgebra gl(2|2) using an sl(2) outer-automorphism group of the algebra. This outer-automorphism reveals itself in the ε → 0 limit of the exceptional superalgebra d(2, 1; ε) leading to sl(2) ⋉ psu(2|2) [26] . The sl(2) automorphism transforms the supercharges of the algebra as
and the central charges as
The parameters u i and v i satisfy the non-degeneracy requirement u 1 v 1 − u 2 v 2 = 1 and may be combined into a SL(2) matrix
We shall be interested in the unitary representations of g. The latter requirement restricts the SL(2) automorphism group to its real form SU (1, 1) upon imposing the unitarity conditions v * 1 = u 1 and v * 2 = u 2 . It is important to note that the outer-automorphism group leaves the combination H 2 ≡ H 2 − 4CC † of the central charges invariant, i.e. this combination defines the orbits of the SL(2).
Hopf algebra
The Hopf algebra of the AdS/CFT superstring is the deformed universal enveloping algebra U(psu (2|2) ⋉ R 3 ) [18] . The deformation is defined as
where U is the braiding factor and its power [A] is defined to be
The co-products of the Hopf algebra are 8) and the opposite co-products become
The Hopf algebra structure becomes complete after defining the antipode map S and the co-unit map ε. The antipode map is the anti-homomorphism acting on the algebra as 10) and the co-unit map acts as
In general (off-shell), the co-products above are not co-commutative for an arbitrary braiding factor U , except for the the central charge H. Requiring central charges C and C † to be co-commutative
the following relations are obtained 13) leading to the constraints
which fix U making it a non-independent generator. One can further introduce universal proportionality coefficients α and α †
related through the quadratic equation
We want to define the reflection automorphism and the reflection Hopf algebra using the definitions above. Let the reflection be represented by the automorphism κ acting on the algebra generators as 17) and the corresponding co-product for the reflection from the right boundary we define to be
Then the co-product for the reflection from the left boundary is the reflected 'op' co-product
The concept of co-commutativity of the algebra charges translates to the requirement of charge co-conservation under the reflection. This severely restricts the action of the automorphism κ: 20) as can easily be seen from (3.8) . Then the only non-trivial co-products of the reflected Hopf algebra are 21) and in the same way the only non-trivial opposite reflected co-products are
The co-conservation requirement of the central charges
is clearly satisfied for H, while the latter two equations give
which together with the constraints (3.15) of the bulk charges lead to the following constraints:
The co-conservation of the opposite co-products leads to the same constraints.
Yangian symmetry
Bulk case. The explicit construction of the Yangian symmetry for planar AdS/CFT was first presented in [18] and has been further investigated in [2, 23, 24, [26] [27] [28] [29] . The co-products of the Yangian charges are defined as 26) and the opposite co-products are
The explicit expressions of the co-products are given in appendix A. It was shown in [18] that the co-products of the central charges may be chosen to be co-commutative not only at the algebra level, but also at the Yangian level. For this purpose one needs to define the following combinations of Yangian charges
which we might call the 'deformed central charges'. These new deformed charges have almost-trivial co-products
The co-product of the charge H ′ is already co-commutative, while the co-commutativity of C ′ and C †′ are ensured by imposing additional constraints
with some universal parameters v C , v C † and β. The central charges H, C, C † are also required to be co-commutative as they differ from the deformed central charges by the central elements of the algebra only. We can also introduce a similar ansatz 31) to have a complete set of expressions of the deformed central charges with v H being some universal parameter as well. We have not introduced or assumed any relations between the parameters v C , v C † and v H so far, we have merely required them to be universal 3 . We shall arrive at a set of constraints by considering the evaluation representation. However it is easy to see, that even at the representation level (on-shell) v H shall stay unconstrained. This is because H and H ′ are not only co-commutative but also commutative charges.
Boundary case. We define the twisted Yangian Y(g, g) of the Z = 0 giant graviton to be generated by the level-0 charges J A and twisted level-2 charges (2.45)
where [ , } represents a graded commutator and (−1) |D||B| with (−1) |D||C| are grade factors.
We do not present the explicit form of these level-2 charges and their co-products, -they are complex but not very illuminating, and are easily obtained with the help of level-1 charges and their co-products, as detailed in appendix A, while for finding the expressions of the reflected co-products one has to use (3.18) together with
In general case, the twisted charges (3.32) are linear combinations of level-2 and level-0 charges, and one loses track of the central elements of the algebra. For example, the charges defined by
in contrast to C, C † and C, C † re not central, but rather are shifted from the center by a level-0 deformation, and so are not co-commutative. Thus the twisted charges C ′ and C †′ that one would obtain using (3.32) would not be co-conserved. However, this shift may be easily undone in Drinfeld's second realization [22] . It was shown in [23] that the charges 4 35) are central. Here
and
Then it is easy to see that the twisted charges 38) are the central elements of Y(g, g) and must be co-conserved, i.e. the following constraints must hold:
Due to their complicated structure it is hard to show that these constraints hold at the algebraic level. For our purposes it will be enough to consider these constraints on-shell, as this is sufficient to write the evaluation map ansatz for the level-2 charges acting on the boundary module and -crucially -to determine the associated spectral parameter related to the boundary states.
4 Representations, states and dynamics of the AdS/CFT superstring
The centrally-extended psu(2|2) algebra has several different types of finite-dimensional representations. The most relevant representations for AdS/CFT superstrings are called long (typical) and short (atypical). There are also anomalous (singlet and adjoint) representations. See [25] and [30] for a comprehensive review and details. A tensor product of two short representations generically yields a sum of long multiplets. The long representations are generically irreducible, but become reducible for some special eigenvalues of the central charges. We shall briefly review the decomposition of the tensor product of two fundamental representations and the tensor product of two 2-particle bound-state representations, as this will be important to us later on.
The fundamental excitations (asymptotic states) of the superstring transform in the 4-d(imensional) short (fundamental) representation . The tensor product of two fundamental representations gives a 16-d irreducible long multiplet. This is the smallest long representation. At the special points (corresponding to special eigenvalues of the central charges) one may decompose the 16-d long multiplet into two 8-d short representations (totally symmetric and totally antisymmetric), or into two singlets (corresponding to the fundamental singlet state of the spectrum) and a minimal 14-d adjoint, which may further be reduced to (3 + 2 × 4 + 3)-d totally symmetric multiplets. We shall mainly focus on generic totally symmetric short and singlet representations, where the interesting physical states (magnons and their bound-states) of the AdS/CFT superstring live. Two-particle bound-states live in an 8-d totally symmetric short representation . A tensor product of two such representations decomposes into a sum of two long, 16-d and 48-d, representations. This tensor product is very important in the scattering theory we shall be considering, as it is the simplest representation for which the Lie algebra is not enough to determine all the scattering coefficients and additional contraints are required [31] . Thus this representation serves as the most simple non-trivial test of Yangian symmetry.
A general l-magnon bound state is described by a short totally symmetric representation ... . The dimension of the representation is 2l|2l and it may be neatly realized as degree-l monomials on a graded vector space with the basis ω 1 , ω 2 , θ 3 , θ 4 , where ω a and θ α are bosonic and fermionic variables respectively [31] .
In this representation the centrally-extended psu(2|2) generators are realized as the differential operators
The corresponding vector space is denoted as V l (p, ζ), where p and ζ are complex parameters of the representation and correspond to the momentum and the phase of an individual magnon in the spin chain. The parameters a, b, c, d are convenient representation labels of the states, which we shall discuss in the next paragraph. It is worth noting that the SL(2) automorphism (3.5) may be realized as a shift
of the representation labels.
Superstrings in the bulk
Let us review the general concepts of the AdS/CFT superstring in the bulk: the representation, S-matrix and spectrum of the states.
The bulk representation. A convenient parametrization of the representation labels of the l-particle bound-states in the bulk is [25, 31] 
3) where g is a coupling constant, ζ = e 2iξ is the magnon phase and x ± are the spectral parameters (e ip = x + x − ) respecting the mass-shell (multiplet-shortening) condition of the l-magnon bound state,
Unitarity requires η = e iξ e i (x − − x + ), where the arbitrary phase factor e iϕ reflects the freedom in choosing x ± . We shall set the phase to be ϕ = p/2. This parametrization is in the so-called non-local (string) basis, where the non-trivial braiding factor U of the corresponding Hopf algebra is absorbed into the parametrization of labels, thus introducing the phase ζ. By setting ζ = 1 one recovers the local (spin-chain) basis of the U -deformed Hopf algebra (3.6).
The rapidity of the magnon in the x ± parametrization is defined to be 5) and the eigenvalues of the central charges of the l-magnon bound state are expressed as 6) where the braiding factor is set to
The S-matrix. The S-matrix in superspace is realized as an intertwining differential operator acting on the tensor product of two algebra modules and may be represented as (see figure 2 )
where Λ i span a complete basis of differential operators invariant under the su(2) ⊕ su(2) algebra and a i (p 1 , p 2 ) are S-matrix coefficients. The exact expressions of Λ i for various S-matrices are given in [31] . The coefficients of the fundamental S-matrix may be found by demanding its invariance (2.5) under the symmetry algebra g (3.1). However, the symmetry algebra alone is not enough to fix uniquely all coefficients of the bound-state S-matrix and one additionally needs to use either the Yang-Baxter equation [10, 31] or Yangian symmetry [18, 27, 28] . The spectrum and the special points. The spectrum of excitations of the light cone superstrings in AdS/CFT includes fundamental and bound-state excitations and the singlet (mirror)states [30, 32] .
Bound states appear as poles x − 2 = x + 1 in the S-matrix, projecting it to the totally symmetric part of the tensor product V (p 1 ) ⊗ V (p 2 ) and signalling the presence of the 
tower of multi-particle bound-states. The new bound state emerging from the S-matrix has the spectral parameters set to y + = x + 2 and y − = x − 1 (see figure 3 ).
The singlet states are composite states with vanishing total central charges and zero energy; however, their constituents have non-zero central charges and energy. These states may be understood as vacuum polarization states. They can be constructed easily by requiring that they be annihilated by all symmetry generators [25] . The fundamental singlet state is 5 
where y ± 2 = 1/y ± 1 . These states live in the tensor product space V * ⊗ V of bulk modules, where V * is the module conjugate to V , and are represented as vacuum polarization bubbles and participate in trivial scattering (see figure 4 and figure 5 ) and play an important role in crossing symmetry [33, 34] . 
Superstrings on the boundary
We now review some general concepts for open superstrings in AdS/CFT, linking them to well-known concepts in the bulk.
The boundary representation. Open strings attached to the Z = 0 giant graviton [8] and the right factor of the Z = 0 D7-brane [9] are two well-known examples of configurations with a finite-dimensional boundary module respecting the full bulk symmetry algebra g. The boundary l-magnon bound-states are described by the following representation labels [8] :
Unitarity implies |η B | 2 = −i x B . We choose η B = e iξ √ −i x B to be the solution of the unitarity condition, in accordance with the bulk representation. As in the bulk case, this parametrization of boundary labels is in the non-local (string) basis. Then by setting ζ = 1 one obtains the local (spin-chain) basis of the U -deformed reflection Hopf algebra (3.6) and (3.18). The multiplet-shortening (mass-shell) condition in terms of x B is 11) and the eigenvalues of the central charges for the l-magnon bound-states living on the boundary are
(4.12)
As one can see, the spectral parameter x B and the central charge H l are completely determined by the coupling constant g and the bound-state number l.
We shall use C(p), C † (p), H(p) (bulk) and C(q), C † (q), H(q) (boundary) to distinguish the eigenvalues of central charges of bulk and boundary representations and use the underline (O) notation to distinguish the eigenvalues of bulk charges before and after the reflection. We shall also use bar (Ō) notation for the representation of antiparticle states.
The K-matrix. The K-matrix describing the reflection of bulk states from boundary states may be represented in superspace in the same way as the bulk S-matrix,
where k i (p, q) are the reflection coefficients and the differential operators Λ i have the same form as for the bulk S-matrix. Following the same pattern, the reflection coefficients of the fundamental K-matrix may be found by demanding its invariance (2.12) under the symmetry algebra g (3.1). Once again, the Lie algebra alone is not enough to fix uniquely all coefficients of the bound-state K-matrix and one additionally needs to use either the boundary Yang-Baxter equation [10] or Yangian symmetry. The central charges C and C † of the reflecting bulk states are not (on their own) preserved by the reflection, in which
but they are preserved by the reflection from a boundary with degrees of freedom, in the sense that the total central charges are conserved
as required from the considerations of the reflection algebra (3.23).
The spectrum and the special points. The spectrum of boundary excitations is very much the same as the spectrum of bulk states; it includes fundamental, bound-states and singlet (mirror) states [8] [9] [10] [36] [37] [38] Boundary bound-states appear as poles x − = x B in the K-matrix projecting it to the totally symmetric part of the tensor product V (p) ⊗ V B (q) of bulk and boundary modules signaling the presence of the tower of multi-particle boundary bound-states. The boundary spectral parameter x B is purely imaginary, hence only the states with real momentum p (physical states) may be absorbed by the boundary to form a bound-state. The new bound state has spectral parameter set to y B = x + (see figure 7) .
The boundary singlet states, like the bulk singlet states, are composite states with vanishing total central charges and zero energy, while the constituent states have non-zero central charges and energies. These states may be formally understood as the excitations of the corresponding D-branes. 6 Boundary singlet states are constructed in the same way as bulk singlet states, by requiring their annihilation by all symmetry generators; one finds a tower of boundary singlet (bound)states The bulk and boundary singlet states together form an open string configuration which may be considered as an excitation of the Z = 0 giant graviton or (in the right factor of) the Z = 0 D7-brane (see figure 8 ). This configuration clearly has vanishing total central charges and is annihilated by all symmetry generators. We believe this state might be useful in calculating the dressing factor of the K-matrix.
Special points and automorphisms
The bulk mass-shell condition 19) admits three automorphism maps x ± → 1/x ± , x ± → −x ∓ and x ± → −1/x ∓ , but actually only two maps are independent: the composition of any two gives the third. We shall use the first two maps, corresponding to the particle-antiparticle map and the reflection map.
The boundary mass-shell condition
is much less rich in automorphisms and admits only one automorphism, x B → 1/x B , which corresponds to the particle-antiparticle map.
Particle-antiparticle map. The automorphism x ± → 1/x ± maps the central charges and momentum to the opposite values H, C, C † , p → H ,C,C † ,p , 7 i.e. it maps the state on the positive energy branch of the dispersion relation into the state on the negative branch and vice versa; this is the analogue of the crossing-symmetry transformation in two-dimensional relativistic field theories.
Let the states (of positive energy) transform in some module V of the symmetry algebra g. Then the antiparticle states (of negative energy) transform in the conjugate module V * of g, which is equivalent to V up to the isomorphism ρ
where C is an particle-antiparticle flavor-intertwining matrix. Let π(g) be the matrix representation of the algebra on the positive energy (particle) states andπ(g) on the corresponding negative energy (antiparticle) states. Then the representation labels (4.3) of antiparticle and particle states are related bȳ 22) and the map ρ explicitly reads as 8
where st is the super-transpose and ρ is a U (1)-automorphism which, combined with the minus sign, is equivalent to the antipode map S of the algebra, i.e. ρ :π (g) →π (S • g) st ;
hence (4.21) explicitly reads as
It is quite straightforward to check that the relation above fixes C up to an overall factor to be
The same result can be easily obtained merely by looking at the singlet state (4.8).
Let us examine what happens when the symmetry is lifted to the Yangian symmetry. Let π(ev v (Y(g))) be the evaluation representation of the Yangian algebra of the positive energy (particle) states andπ(ev v (Y(g))) be the evaluation representation of the corresponding negative energy (antiparticle) states. The spectral parameter v of the evaluation map (2.30) is identified with the rapidity u of the magnon [18] . The rapidity u is invariant under the map x ± → 1/x ± -that is, it is mapped to itself u → u by the particleantiparticle map. Hence it is easy to see that (4.30) trivially lifts to 26) which says that Yangian charges behave in the same way as the algebra generators under the particle-antiparticle map.
The automorphism x B → 1/x B of the boundary mass-shell condition maps the energy of the boundary state to the opposite branch of the dispersion relation, but keeps the eigenvalues of the boundary central charges C and C † unchanged. Thus to use this map to construct the particle-antiparticle map one needs to consider a composition of the map x B → 1/x B together with the map ζ → −ζ which sends the central charges C and C † to their opposite values and may be interpreted as an interchange of the left and right boundaries. This construction of the particle-antiparticle map is in agreement with the boundary singlet state (4.16) which is required to be invariant under it.
Following the construction of the particle-antiparticle maps in the bulk, the boundary states of positive energy transform in a boundary module V B and the states of the negative energy transform in the conjugate module V * B , which is equivalent to V B up to the isomorphism ρ B such that 27) where C is a particle-antiparticle flavor-intertwining matrix and is clearly the same for bulk and boundary representations. As for the bulk, let π B (h) be the matrix representation of the boundary algebra on the positive-energy states andπ B (h) on the corresponding negative-energy states. The boundary representation labels (4.10) of the antiparticles and particles are related bȳ
Then the map (4.23) in the case of the boundary representation becomes 29) leading to the boundary partner of the relation (4.24)
where the boundary representation of the braiding factor is trivial 31) implying that the boundary representation of the antipode map S is
We conclude by constructing the representation of the boundary Yangian by defining π B (ev w (Y(g))) to be the evaluation representation of the positive energy (particle) states andπ B (ev w (Y(g))) to be that of the corresponding negative energy (antiparticle) states. We shall explicitly define the on-shell realization of the spectral parameter w of the evaluation map of the boundary representation in section 4.5. For now we only require it to be invariant under the particle-antiparticle maps in accordance with the bulk representation. Then the relation (4.30) is being lifted to
Reflection map. The automorphism x ± → −x ∓ maps the momentum of the state to the opposite value p → −p while preserving the energy H → H. Reflection is an involutive map, as it keeps the states on the same branch of the dispersion relation, -that is, it is an automorphism of V (or V * ), and may be considered as the analogue of parity symmetry in two-dimensional relativistic field theories. Let us consider the reflection of states transforming in the module V . Let π(g) be the matrix representation of the algebra on incoming states and π(g) on the reflected states. The representation labels (4.3) are related as (4.34) while the central charges C and C † become 35) where the underline notation once again denotes the eigenvalues of the charges after the reflection. Then the two representations π(g) and π(g) are equivalent to each other up to the isomorphism κ π(g) = P −1 π(κ • g) P, (4.36) where P is the parity transformation matrix and is of diagonal form. The relations (4.34) clearly indicate that the reflection may be realized as a U (1)-automorphism κ of the algebra.
By solving (4.36) we find that κ is a map under which the representation parameters undergo a right shift
Its pull-back map acts on the supersymmetry charges as 38) and on the central charges C and C † as
while it acts trivially on all other generators. The reflection map fixes the parity transformation matrix to be
We proceed by lifting the representations of the reflection algebra to the Yangian. Let π(ev u (Y(g))) be the evaluation representation of the Yangian algebra on the incoming states and π(ev u (Y(g))) on the reflected states. The reflection map x ± → −x ∓ results in u → −u for the rapidity of the state, leading to a minus sign appearing in the evaluation map (2.29). However, the parity map (2.10) reverses the sign of rapidity again thus the algebra representation relation (4.36) is naturally lifted to the level of the evaluation representation
The representation of the Yangian symmetry
The evaluation representation of the bulk Yangian symmetry was first considered in [18] . We shall extend this to include the boundary representation and the constraints arising from the reflection algebra.
Bulk case. The evaluation representation is constructed with the help of the evaluation map ansatz (2.30) that we have considered in section 2.2,
The representation parameters γ and v may be defined by considering the co-commutativity of the central charges of the algebra.
The deformed central charges (3.28) in the evaluation representation (4.42) of the bulk module become
where we have used constraints (3.30) and (3.31) . Assuming that all universal constant are equal v C = v † C = v 0 , these equations have a family of solutions of the form
where u is the rapidity (4.5) of the corresponding magnon and the parameters β and γ are left unconstrained. The most natural choice is
giving a simple, sensible solution v = u while keeping v 0 unconstrained.
Boundary case. We now proceed by considering the evaluation representation of Y(g, g) on the boundary module. We assume that a similar ansatz to (2.34) holds for the boundary module
where |w ∈ V B (w) is a vector of the boundary module. Then consistency with the evaluation representation for the bulk module requires w 0 = v 0 and γ B = γ, leading to the following evaluation representation of the charges (3.34)
Further, requiring co-conservation constraint (3.39) to hold, we find w 2 = −l 2 /g 2 and also v 0 = 0. Then by choosing the positive root we define the spectral parameter associated to the boundary module to be
Let us discuss the origin of this boundary spectral parameter. It is easy to observe that boundary labels (4.10) and mass-shell condition (4.11) may be obtained from the bulk ones (4.3) and (4.4) by a simple map x ± → ±x B , l → l/2. This relation says that a l-magnon bound-state on the boundary may be viewed as a 2l-magnon bound-state in the bulk of maximal momentum p = π [37] . Thus applying this map to the bulk rapidity (4.5)
we get the boundary one (4.48), as required.
It is interesting to compare this case with the reflection from the 'vertical' D5-brane considered in [9, 14, 15] , which also has boundary degrees of freedom attached to the boundary. The boundary labels and mass-shell condition of the 'vertical' D5-brane may be obtained from those of Z = 0 giant graviton (and the right factor of Z = 0 D7 brane) by replacing l → l/2. Thus applying the map x ± → ±x B to bulk labels one recovers exactly the boundary labels of the 'vertical' D5-brane, implying that the l-magnon bound-state on the boundary is equivalent to a l-magnon bound-state in the bulk with momentum p = π. Furthermore, this results in the boundary spectral parameter w D5 = 0 being zero
as was observed in [15] .
With the help of the evaluation representation (4.46), (4.48) of the boundary Yangian Y(g, g) we have checked explicitly that the twisted charges (3.32) are the symmetries of the fundamental reflection matrix of the Z = 0 giant graviton [8] and the right factor of the Z = 0 D7 brane [9, 10] . We have also checked that these charges define uniquely the reflection matrix of bulk two-magnon bound-states reflecting from boundary two-magnon bound-states and is consistent with the boundary Yang-Baxter equation. 9 
Conclusions
In this paper we have presented the 'Heisenberg picture' of the reflection algebra and constructed the twisted boundary Yangian symmetry of the AdS/CFT superstring ending on a boundary with degrees of freedom and preserving the full bulk Lie algebra. The two known boundaries of this type are the Z = 0 giant graviton (D3-brane) and the right factor of the Z = 0 D7-brane.
The corresponding Yangian symmetry Y(g, g) is a fixed-point co-ideal subalgebra of the bulk Yangian Y(g) generated by level-0 and twisted level-2 generators which may be obtained by considering quadratic combinations of level-1 Yangian charges and adding appropriate deformation terms ('twists') that ensure the co-ideal property, which here requires that the co-products of twisted level-2 charges include no level-1 charges acting on the boundary module.
We have explicitly constructed the reflection automorphism of the AdS/CFT superstring symmetry algebra and presented the 'reflection Hopf algebra', which we showed to 
and also the boundary is required to carry a 'strange' spectral parameter This symmetry was also observed by T. Matsumoto and R. Nepomechie (private discussions). However, this is not a symmetry of the bound-state reflection matrices, as it leads to a unique solution of the invariance condition which is not consistent with the boundary Yang-Baxter equation.
be a natural extension of the usual Hopf algebra structure to accommodate reflection. The notion of reflected coproducts allows us to consider the boundary representation in the 'spin-chain' basis, in which boundary representation labels are independent of the phase of bulk magnons, and thus are of 'local' form. Furthermore, the reflection Hopf algebra structure allowed us to construct the boundary Yangian and its evaluation representation in a manner very similar to that for the bulk case [18] .
We have also considered the spectrum of states of the open strings. We have shown that the boundary spectrum includes not only bound-states but also singlet states very similar to those of the bulk excitation spectrum. Furthermore, we have shown that there is a tower of bulk and boundary singlet states, and have explicitly constructed such states from two-magnon bound-states. Such states could form an open spin-chain configuration that might perhaps be understood as a D-brane excitation (figure 4). We certainly expect this configuration to be useful for finding the dressing phase of the reflection matrices.
The most important remaining open question regarding superstrings ending on D7-branes is to determine the Yangian symmetry of the left factor of the Z = 0 D7-brane. The other interesting question is how the twisted Yangians of D3-, D5-and D7-branes could be obtained from the quantum affine algebra recently constructed in [3] , and what are the corresponding twisted affine algebras.
A The co-products of Y(g)
The co-products of the Yangian charges of the cetrally extended psu(2|2) ⋉ R 3 are [18] ∆ R 
